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Abstract
Given a finite group G, a normal subgroup N of G and an irreducible character χ
of G, the Clifford class of χ describes the Clifford theory including Schur indices of χ
with respect to the normal subgroup N . Assume there is a subgroup U of N and a linear
character θ of U with multiplicity 1 in the restriction of χ to U . We describe a method
to calculate the Clifford class of χ in certain cases. This method helps, in particular, in
the calculation of the Schur indices of the irreducible characters of the groups contained
between the general linear and the special linear groups.
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Introduction
Let G be a finite group and let F be a field of characteristic zero, and suppose
that H is a finite group with a normal subgroup J such that G=H/J . Clifford
theory studies the relationships among the characters of all the subgroups of H
that contain J . In [2], we defined an analogue S(G,F ) of the Brauer–Wall group.
We showed that it can be used to describe the Clifford theory with Schur indices.
To each irreducible character χ of H is naturally assigned an element ❏χ❑ of
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the set S(G,F ). The set S(G,F ) depends only on G and on the field F and, in
particular, does not depend on H itself, but knowing ❏χ❑ ∈ S(G,F ) is enough to
calculate the Clifford theory of χ , including the Schur indices of all the relevant
characters, see [2] for details.
For this reason, I think it is appropriate to call the class ❏χ❑ the Clifford class
of χ , with respect to J and F , and to call S(G,F ) the Clifford set ofG over F . We
adopt here these definitions, and furthermore, adopt the new notation Clif(G,F )
for S(G,F ). The full definitions are given below.
The Clifford set Clif(G,F ) is studied in [2–6]. In particular, a complete
description of the Clifford set Clif(G,F ) is given in [6] in the case when G is
cyclic. In this case, each Clifford class has a representative [Z,α,b] of a special
type, where Z is a central simple commutative G-algebra, α ∈ F× and b is an
element of the Brauer group of F . Furthermore, a criterion is given in [6] for
when [Z,α,b] and [Z′, α′, b′] represent the same Clifford class. Given the Z,
α and b that represent ❏χ❑, the rules to parameterize the irreducible characters
associated with χ and to calculate their Schur indices are also given in [6].
In the present paper, we calculate the invariants Z, α and b corresponding
to ❏χ❑, where χ is an irreducible character of H in the case when G is
cyclic. Since we described how to calculate Z and α in [6], we describe here
how to calculate b ∈ Br(F ). We first give a general answer, see Theorem 3.5
below, which describes b via cross product in terms of a certain projective
representation of a Galois group. The calculation of the 2-cocycle associated
with this projective representation becomes straight forward with some additional
hypothesis. SupposeU is a subgroup of J and θ is a linear character ofU . Assume
that (ResHU (χ), θ)U = 1, and there is a group homomorphismφ : Gal(F (θ)/F )→
NH (U) such that, for all σ ∈Gal(F (θ)/F ) and for all u ∈U , we have
σ
(
θ(u)
)= θ(φ(σ)uφ(σ)−1).
Under these hypotheses the 2-cocycle associated to b is easily computed, see
Theorem 4.3 below. Further hypotheses simplify the calculation even further,
leading up to Corollary 5.4 below which gives a very easy description of the
element b ∈ Br(F ) in some cases. Our choice of what special cases to consider
was guided by the application of the results of this paper to the case when H =
GL(n, q) and J = SL(n, q) and χ an arbitrary character of H . The hypothesis of
Corollary 5.4 below are always satisfied, in an appropriate sense, in this case. We
leave the actual calculation in this special case to a forthcoming article.
Since we write our maps on the left, we can use regular composition of maps
for characters. In particular, if χ is a character and σ is a Galois automorphism,
σχ is simply the composition of the two functions. Of course, if λ is a character,
then λχ is the product of the two characters. We refer the reader to, for example,
[7] for unexplained notation.
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1. Clifford classes of G-algebras
We fix the following notation. LetF be a field of characteristic zero, let F be its
algebraic closure and let G be a finite group. For the action of an element g ∈G on
an element a ∈A, A a G-algebra, we use reverse exponential notation ga. Much
of the notation and terminology we now set up was already introduced in [2–6].
The set Clif(G,F ) is a generalization of the Brauer group Br(F ). Its elements
are equivalence classes of central simple G-algebras over F . First we define what
is meant by a central simple G-algebra A. Simple means, of course, that it has
exactly two G-invariant two sided ideals. Central here means that CZ(A)(G)= F .
We then define which, among the central simple G-algebras, are trivial G-
algebras. These are the G-algebras E which are just the full F -endomorphism
algebra of a non-zero FG-module, with the natural action of G on E. We say
that two central simple G-algebras A and B are equivalent if there exist trivial
G-algebras E and E′ such that
A⊗E 
 B ⊗E′,
as G-algebras, where the tensor products are over F . This is an equivalence
relation [2] and the set of equivalence classes is denoted by Clif(G,F ). In the
case where G= 1, this is just the set of elements of the Brauer group of F .
Theorem 1.1. The relation defined above is indeed an equivalence relation on
the collection of central simple G-algebras. The equivalence classes form a set
denoted Clif(G,F ).
Proof. See [2], where the set Clif(G,F ) is denoted S(G,F ). ✷
Theorem 1.2. Let H be a finite group and J be a normal subgroup of H such that
H/J = G. Let χ be an irreducible character of H . Let F be a field containing
all the values of χ on elements of J . Then, there exist non-zero modules M for
H over F affording a character ψ such that ResHJ (ψ) is a rational multiple
of ResHJ (χ). For each such M , EndFJ (M) is naturally a central simple G-
algebra over F , and its equivalence class in Clif(G,F ) does not depend on the
chosen M . The equivalence class of EndFJ (M) is denoted ❏χ❑. Furthermore,
given ❏χ❑ ∈ Clif(G,F ) we can calculate the Clifford theory of χ with respect
to J , including the Schur indices of all the characters involved.
Proof. See [2]. ✷
The above results suggest that, to calculate the Schur indices of a family of
characters related by Clifford theory, we may approach the problem as follows.
First find a convenient way to describe each element of Clif(G,F ). Then, for each
element of Clif(G,F ) describe the Clifford theory it gives rise to, including the
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Schur indices of all the relevant characters. Finally, for a group H in question,
with a normal subgroup J such that H/J = G, calculate ❏χ❑ for one of the
characters χ in the family of irreducible characters of H related by Clifford
theory.
A description of the elements of Clif(G,F ) is obtained in [4–6] in some cases.
This description is particularly simple in the case when G is cyclic.
Theorem 1.3. Let F be a field of characteristic zero and let G be a finite
cyclic group, with preferred generator g0. Given any triple [Z,α,b], where
Z is a central simple commutative G-algebra, α ∈ F× and b ∈ Br(F ), we
may construct a central simple G-algebra which we denote [Z,α,b]. Then, for
every central simple G-algebra A over F , there exists some [Z,α,b] which
is equivalent to A. In addition, two G-algebras [Z,α,b] and [Z0, α0, b0] are
equivalent if and only if both of the following hold:
(1) Z 
Z0 as G-algebras.
(2) Setting I = CG(Z) = CG(Z0) and m = |I |, we have that αα−10 = βm for
some β ∈ F× such that b= b0br(G/I,Z,β).
Here, Br(F ) is the Brauer group of the field F , br(G/I,Z,β) ∈ Br(F ) and
b0 br(G/I,Z,β) represents the product in the Brauer group Br(F ). The element
br(G/I,Z,β) is constructed by a slight generalization of the usual crossed
product, see [6]. The equivalence class of the crossed product defines an element
of the Brauer group which we denote by
br(G/I,Z,β) ∈ Br(F ).
Proof. See [6, Theorem A]. ✷
Let H/J = G be cyclic, with a fixed generator g0, let χ be an irreducible
character of H , and let F be a field containing the values of χ on J . Then, the
element ❏χ❑ ∈ Clif(G,F ) is equivalent to [Z,α,b], by the above, for appropriate
Z, α, and b. The Clifford theory of χ determines the values of Z, α, and b. The
calculation of b in some cases is the object of the present paper, but Z and α were
already calculated in [6].
Theorem 1.4. Let ψ be an irreducible character contained in ResHJ (χ). Let I0
be the inertia group of ψ . Let K = F(ψ) be the field of character values of ψ .
As is well known, a subgroup H0/I0 of H/I0 is acting naturally as the Galois
group of the extension K/F . The field K and the action on it do not depend on
the particular character ψ chosen. Let i0 be the smallest power of g0 represented
by an element of I0. Among all the elements of H that represent the coset i0 there
will be at least one, j0 say, such that χ(j0) = 0. We set α0 = χ(j0)|I0/J |. We have
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that α0 ∈ F× and that α0 is uniquely determined up to |I0/J |-th powers in F×.
Furthermore, the following hold.
(1) I = I0/J .
(2) Z is the G-algebra induced from the H0/J -algebra K .
(3) α is α0 up to |I |-th powers in F×.
Proof. See [6, Theorem 3.4]. The G-algebra Z induced from the H0/J -algebra
K is the G-algebra obtained as follows. As a G-module, Z is induced from the
H0/J -module K . Hence, Z is the direct sum of [G : H0/J ] copies of K . Each
one of these copies of K is G-conjugate to K , and we use this to give a natural
conjugate multiplicative structure on each. Finally, we extend the multiplication
to Z by considering Z, as an algebra, to be the direct sum of these subalgebras.
This makes Z into a central simple commutative G-algebra. ✷
Furthermore, in the case when H/J =G is cyclic, given ❏χ❑= [Z,α,b], in [6]
there is an explicit description of the characters associated to χ by Clifford theory.
The element Z allows for a parameterization of all the irreducible characters of
each subgroup of H that contains J and are related to χ via Clifford theory. The
elements Z and α allow us to give to each parameterized irreducible character its
field of values. Finally, Z, α and b allow us to assign to each of the parameterized
characters an element of the Brauer group of its field of values and hence its Schur
index.
2. Extending Galois automorphisms
Lemma 2.1. Let K/F be a Galois field extension, and let σ ∈ Gal(K/F). Let M
be a vector space over K . Then, there exists some σ̂ ∈ EndF (M)× such that for
all v ∈M and λ ∈K we have σ̂ (λv)= σ(λ)v.
Proof. Let (ei)i∈I be a basis for M over K . For each linear combination v =∑
i∈I λiei with λi ∈ K , set σ̂ (v) =
∑
i∈I σ (λi)ei . Then, clearly σ̂ ∈ EndF (M)×
and for all v ∈M and λ ∈K we have σ̂ (λv)= σ(λ)v. ✷
Lemma 2.2. With the notation of Lemma 2.1, assume in addition that K has
characteristic zero, G is a finite group, and that M is a G-module over K ,
affording the character χ . Then, we may define a second G-module structure
◦ over K on M by setting
g ◦ v = σ̂ (gσ̂−1(v)) for all g ∈G and v ∈M.
The character afforded by the ◦ structure on M is σχ .
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Proof. This is a straightforward computation. ✷
Proposition 2.3. Let G be a finite group, and let K/F be a Galois extension
of fields of characteristic zero. Let M be a G-module over K affording the
character χ . Let σ ∈ Gal(K/F), and suppose σχ = λχ , where λ is a linear
character of G whose values are in K . Then, there exists some S ∈ EndF (M)×
satisfying the following conditions:
(1) For each v ∈M and µ ∈K , we have S(µv)= σ(µ)S(v).
(2) For each v ∈M and g ∈G, we have S(gv)= λ(g)gS(v).
Proof. Define a new G-module structure over K on M by setting
g ◦ˆ v = λ(g)gv for all g ∈G and v ∈M.
The module ◦ˆ affords the character λχ . By hypothesis, it follows that it affords the
same character as the module ◦ of Lemma 2.2. Therefore, these are isomorphic
modules, and there exists some T ∈ EndK(M)× such that, for all v ∈ M and
g ∈G, we have T (g ◦ v)= g ◦ˆ T (v), or in other words, we have
T
(
σ̂
(
gσ̂−1(v)
))= λ(g)gT (v).
Setting S = T σ̂ , the proposition follows. ✷
3. Calculating the Brauer invariant of some Clifford classes
We consider now the following. Let H be a finite group, and let J be a normal
subgroup of H . Let H/J = G be cyclic, with a fixed generator g0, let χ be an
irreducible character of H , and let F be a field containing the values of χ on J .
Lemma 3.1. Assume the notation of Theorem 1.4. Pick β ∈ F× and set α =
(βχ(j0))|I | = β |I |α0. Set n = [H : I0] and set γ to be an n-th root of βχ(j0) so
that γ n = βχ(j0). Suppose that L is a finite extension of F(γ ) and is a splitting
field for χ . Let M be a module for H over L affording χ . Let A= EndFJ (M) and
let g ∈ g0 be a representative of g0. Then, B = CA(gγ−1) is independent of the
choice of g, and it is a central simple algebra over F . Furthermore, if b ∈ Br(F )
is the class of B , then the element ❏χ❑ ∈ Clif(G,F ) is equivalent to [Z,α,b].
Proof. The FH -module M is χ -quasi-homogeneous (which just means that the
restriction to J of the character afforded by M is a rational multiple of the
restriction to J of χ , see [2, Definition 2.2]). Hence ❏χ❑ is the Clifford class of the
central simple G-algebra A over F , see [2, Definition 2.5]. By the definition of A,
each element in the coset g0 acts the same way on A. Hence, B does not depend
on the representative g of g0 chosen. Let φ :A→ A be conjugation by gγ−1.
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Then, φn is conjugation by j0χ(j0)−1 on A. If j ′ is H conjugate to j0, then it is
in the same coset i0 of J , so that, for every a ∈A,
j ′a = j0aj ′.
Let m be the number of H -conjugates of j0 and let C be the conjugacy class sum
of j0. Then
Ca = j0aC for all a ∈A,
and in addition, C maps to mχ(j0)/χ(1) ∈ EndF (M) (when we view χ(j0) ∈
L ⊆ EndF (M)). Hence, for a ∈ A, j0a = χ(j0)aχ(j0)−1. Therefore, φn is the
identity map. Now A is naturally a Z/nZ-algebra over F under the action
generated by φ. Any φ-invariant two sided ideal of A is a G-invariant two
sided ideal of A, and it follows that A is a simple Z/nZ-algebra. Furthermore,
γ commutes with the center of A because the center of A is the image of Z(FJ ).
Hence, F = CZ(A)(G) = CZ(A)(Z/nZ). It follows that A is a central simple
Z/nZ-algebra.
By Theorem 1.4, G/I is acting faithfully on the center Z(A) of A, and it
follows that Z/nZ is also acting faithfully on Z(A). Hence, by [4, Lemma 3.7],
B is a central simple algebra over F and A= BZ(A)
 B⊗Z(A). Now B is also
a G-algebra, where g acts as conjugation by γ . It follows by [6, Theorem A]
that B is equivalent, as a G-algebra, to [F,α,b]. Hence, A is equivalent to
Z⊗ [F,α,b] = [Z,α,b], as desired. ✷
Lemma 3.2. In the notation of Lemma 3.1, we have that dimF (A) = n[L : F ]2
and dimF (B)= [L : F ]2.
Proof. The character ResHJ (χ) splits into a sum of n distinct irreducible
characters of J . Since the character afforded by M over L is χ , it follows that
the character afforded by M restricted to J over F is [L : F ]ResHJ (χ). Now
dimF (A) is the square norm of [L : F ]ResHJ (χ), which is n[L : F ]2, as desired.
Furthermore, by Theorem 1.4, dimF (Z)= n. From the proof of Lemma 3.1, we
know that A
 B ⊗Z, and it follows that dimF (B)= [L : F ]2, as desired. ✷
Lemma 3.3. Assume the hypothesis and notation of Lemma 3.1. Then, for each
σ ∈ Gal(L/F), σ(γ )/γ is a |G|-th root of 1, so there is a unique character of G,
λ(σ) :G→ L×, such that λ(σ)(g0) = σ(γ )/γ . Furthermore, σχ = λ(σ)χ . In
addition, λ is a crossed homomorphism from Gal(L/F) to the group of L-valued
linear characters of G, in the sense that, for each σ, τ ∈Gal(L/F), we have
λ(στ)= λ(σ) · (σλ(τ)).
Proof. Let σ ∈ Gal(L/F). Set ζσ = σ(γ )/γ . Since the values of the restriction
of χ to J are all in F , it follows from Clifford theory that there exists some linear
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character µ of G such that σχ = µχ . Hence, σ(χ(j0)) = µ(j0)χ(j0). Since
|G| = n|I |, γ |G| = β |I |χ(j0)|I |, and it follows that σ(γ )|G| = β |I |(σ (χ(j0)))|I | =
β |I |µ(j0)|I |χ(j0)|I | = γ |G|. Hence, ζ |G|σ = 1. Therefore, there is a unique linear
character λ(σ) as prescribed in the statement. In addition, by our choice,
λ(σ)(j0)= ζ nσ = µ(j0). It follows, since i0 is a generator of I , that ResGI (λ(σ ))=
ResGI (µ). Since χ has value 0 outside of I0, we then get σχ = µχ = λ(σ)χ .
Let σ, τ ∈ Gal(L/F). Then, on the generator g0 of G, we have
λ(στ)(g0)= στ(γ )
σ (γ )
σ (γ )
γ
= (λ(σ) · (σλ(τ)))(g0).
Hence, λ is a crossed homomorphism. ✷
Lemma 3.4. Assume the hypothesis and notation of Lemma 3.3. Then, for each
σ ∈ Gal(L/F), there exists some Sσ ∈ B× such that, for all µ ∈ L, we have
Sσµ= σ(µ)Sσ . Furthermore, Sσ is uniquely determined up to multiplication by
some element of L× (on either side). In addition, the map S : Gal(L/F)→B× is
projective, in the sense that, for σ, τ ∈ Gal(L/F), Sστ = kSσSτ for some k ∈ L×.
Proof. Notice that L ⊆ B . Let σ ∈ Gal(L/F). By Lemma 3.3, σχ = λ(σ)χ ,
hence, by Proposition 2.3, there exists some Sσ ∈ EndF (M)× satisfying:
(1) For each v ∈M and µ ∈L, we have Sσ (µv)= σ(µ)Sσ (v).
(2) For each v ∈M and g ∈H , we have Sσ (gv)= λ(σ)(g)gSσ (v).
Since λ(σ) has value 1 on elements of J and σ fixes every element of F , it follows
that Sσ ∈ A. Furthermore, the definition of λ(σ) is such that Sσ commutes with
gγ−1 for g ∈ g1. Hence, Sσ ∈ B×. Suppose S′ ∈ B× is such that, for allµ ∈L, we
have S′µ = σ(µ)S′. Then S′S−1σ ∈ B× and S′S−1σ commutes with L. It follows
that S′S−1σ commutes with LJ and with g, where g is any element of g0. Since,
g0 generates G, it follows that S′S−1σ commutes with LH . Hence, S′S−1σ ∈ L×,
and Sσ is uniquely determined up to multiplication by some element of L×.
Let σ, τ ∈ Gal(L/F). Then SσSτ ∈ B× and
SσSτµ= Sσ τ(µ)Sτ = σ
(
τ (µ)
)
Sσ Sτ .
Hence, by the above, SσSτ is Sστ up to multiplication by an element of L×.
Hence, S is projective. This concludes the proof of the lemma. ✷
Theorem 3.5. Let H be a finite group, and let J be a normal subgroup of H
such that G=H/J is cyclic with generator g0. Let χ be an irreducible character
of H , and assume that F is a field containing the values of ResHJ (χ). Then the
Clifford class ❏χ❑ ∈ Clif(F ) is given by [Z,α,b] as follows. Assume the notation
of Theorem 1.4, so that, in particular, Z and α0 are given. Pick any β ∈ F×, we
can then set α = β |I |α0, and the corresponding b is calculated as follows. Set
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n = [H : I0] and set γ to be an n-th root of βχ(j0) so that γ n = βχ(j0). Take
a finite Galois extension L of F such that L ⊇ F(γ ) and L is a splitting field
for χ . Let M be a module for H over L affording χ . Then, with the notation of
Lemma 3.4, the crossed product of L and S is a central simple algebra over F ,
and b is simply its class in Br(F ).
Proof. By Lemma 3.1, ❏χ❑ is given by [Z,α,b], where b is the class of B in the
Brauer group Br(F ). By Lemma 3.4, S is a projective representation of Gal(L/F)
into B×. Since L ⊆ B , it follows that a subalgebra of B is a homomorphic
image of the crossed product of L and S. The crossed product is a central simple
algebra over F of dimension [L : F ]2. Hence, B has a subalgebra isomorphic
to this crossed product. It then follows from Lemma 3.2 that the whole of B is
isomorphic to this crossed product. Hence, b, which is the Brauer class of B ,
is also the Brauer class of the crossed product. This concludes the proof of the
theorem. ✷
4. Calculating the Galois 2-cocycle
In this section, we calculate explicitly the Galois 2-cocycle that determines b
in the presence of a linear character θ and a group homomorphism φ with certain
properties. First, we remark that our hypotheses allow us to calculate the field of
values of ψ .
Proposition 4.1. Let H be a finite group, and let J be a normal subgroup of
H such that G = H/J is cyclic with generator g0. Let χ be an irreducible
character of H , and assume that F is a field containing the values of ResHJ (χ).
Let U be a subgroup of J and θ be a linear character of U . Assume that
(ResHU (χ), θ)U = 1, and there is a group homomorphism φ : Gal(F (θ)/F ) →
NH(U) such that, for all σ ∈ Gal(F (θ)/F ) and for all u ∈U , we have
σ
(
θ(u)
)= θ(φ(σ)uφ(σ)−1).
Let ψ be an irreducible character contained in ResHJ (χ). Let I0 be the inertia
group of ψ . Let K = F(ψ) be the field of character values of ψ . Then K is the
fixed field of φ−1(I0), the preimage under φ of the inertia group I0, so that
K = F(ψ)= F(θ)φ−1(I0).
Proof. Let L= F(θ,ψ) be the field obtained by adjoining to F all the values of θ
and of ψ . Then, L/F is a finite Galois abelian extension. Since F(θ) is a normal
extension of F , restriction followed by φ provides a group homomorphism
φ′ : Gal(L/F)→ NH (U) such that, for all σ ∈ Gal(L/F) and for all u ∈ U , we
have
σ
(
θ(u)
)= θ(φ′(σ )uφ′(σ )−1).
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Notice that L(φ′)−1(I0) = F(θ)φ−1(I0). By Clifford’s Theorem, the restriction
ResHJ (χ) is a sum of H -conjugates of ψ . Since U ⊆ J , the restriction of exactly
one of these conjugates to U contains θ . As all the conjugates of ψ have the same
field of values, we may assume without loss that (ResJU (ψ), θ)= 1.
Suppose that σ ∈ Gal(L/F). By hypothesis, σθ = θφ′(σ ), and it follows that
σθ is contained in the restriction toU ofψφ′(σ ). If σψ =ψ , then, σθ is contained,
also, in the restriction to U of ψ , and the uniqueness implies that ψ = ψφ′(σ ).
Hence, if σψ =ψ then φ′(σ ) ∈ I0. Conversely, if φ′(σ ) ∈ I0, then the restriction
of ψ to U contains σθ , and, in addition, the restriction of σψ to U also contains
σθ . By the uniqueness, if φ′(σ ) ∈ I0, then σψ =ψ . It then follows that
L(φ
′)−1(I0) = F(ψ).
This concludes the proof of the proposition. ✷
To state our result about the 2-cocycle associated to b, it is convenient to
introduce the following exponent function /.
Definition 4.2. Let H be a finite group, and let J be a normal subgroup of H such
that G=H/J is cyclic with generator g0. We define the function
/ :H →{0,1,2, . . . , |G| − 1}
from H to the set of integers from 0 to |G| − 1 by setting /(h) to be the smallest
non-negative integer such that the coset hJ ∈G is equal to g/(h)0 .
Theorem 4.3. Let H be a finite group, and let J be a normal subgroup of
H such that G = H/J is cyclic with generator g0. Let χ be an irreducible
character of H , and assume that F is a field containing the values of ResHJ (χ).
Let U be a subgroup of J and θ be a linear character of U . Assume that
(ResHU (χ), θ)U = 1, and there is a group homomorphism φ : Gal(F (θ)/F ) →
NH (U) such that, for all σ ∈Gal(F (θ)/F ) and for all u ∈ U , we have
σ
(
θ(u)
)= θ(φ(σ)uφ(σ)−1).
Then the Clifford class ❏χ❑ ∈ Clif(F ) is given by [Z,α,b] as follows. Assume the
notation of Theorem 1.4, so that, in particular, Z and α0 are given. Pick β ∈ F×,
we can then set α = β |I |α0, and the corresponding b is calculated as follows. Set
n = [H : I0] and set γ to be an n-th root of βχ(j0) so that γ n = βχ(j0). Take
a finite Galois extension L of F such that L⊇ F(θ) and γ ∈L. Let
f : Gal(L/F)×Gal(L/F)→ L×
be defined by
f (σ, τ )=
(
σ(γ )
γ
)−/(φ′(τ ))
,
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where φ′ : Gal(L/F)→NH (U) is φ preceded by the restriction to Gal(F (θ)/F ).
Then, f is a 2-cocycle representing the class in H 2(Gal(L/F),L×) correspond-
ing to the element b ∈ Br(F ).
Proof. Assume first that the theorem holds whenever L is a splitting field for χ .
Let L be an arbitrary field satisfying the hypothesis of the theorem. Then, let L0
be a finite Galois extension of F containing L such that L0 is a splitting field
for χ . Notice that the f defined by the theorem for L0 is simply the inflation
of the one defined for L. Hence, by [1, Proposition 14.5], the element of Br(F )
obtained is the same over L as over L0. As we are assuming that over L0 it is b,
we obtain that the result also holds over L. Hence, we assume without loss that L
is a splitting field for χ .
Let M be a module for H over L affording χ . By Theorem 3.5, it suffices to
show that f is a 2-cocycle for the projective representation S of Lemma 3.4. For
convenience, we split the proof into a series of steps.
Step 1. If σ ∈Gal(L/F), then the multiplicity of σθ in ResHU (χ) is 1.
Proof. Since σ fixes all the values of χ on J , the result follows from the fact that
it is true for σ = 1 and the formula to calculate this multiplicity. ✷
Step 2. We fix some non-zero v ∈M such that, for all u ∈ U , we have uv = θ(u)v.
Furthermore, for each σ ∈ Gal(L/F), for all u ∈ U , we have uφ′(σ )−1v =
σ(θ(u))φ′(σ )−1v.
Proof. The existence of v follows immediately from the fact that θ is contained
in the restriction of χ to U . Furthermore, for σ ∈ Gal(L/F) and u ∈ U , we have
uφ′(σ )−1v = φ′(σ )−1φ′(σ )uφ′(σ )−1v = φ′(σ )−1σ (θ(u))v,
which yields the result. ✷
Step 3. We may choose S in such a way that, for each σ ∈ Gal(L/F), we have
Sσ (v)= φ′(σ )−1v.
Proof. Notice that we may modify each Sσ by multiplying by any element of L×.
Let σ ∈ Gal(L/F). Let u ∈ U . Then uSσ (v) = Sσ (uv), by Lemma 3.4(2), since
u ∈ U ⊆ J ⊆ ker(λ(σ )). Hence, uSσ (v)= Sσ (θ(u)v)= σ(θ(u))Sσ (v), the latter
equation because of Lemma 3.4(1). It then follows from Step 1 and Step 2 that
φ′(σ )−1v and Sσ (v) are both non-zero elements in a one-dimensional L-vector
subspace of M . Hence, there is some k ∈ L× such that kSσ (v) = φ′(σ )−1v.
Replacing Sσ by kSσ we have the result. ✷
Step 4. The theorem holds.
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Proof. We need to calculate the 2-cocycle associated with our chosen S. Let
σ, τ ∈Gal(L/F). Notice that
SσSτ (v)= Sσ
(
φ′(τ )−1v
)= λ(σ)(φ′(τ )−1)φ′(τ )−1Sσ (v),
the second equality because of Lemma 3.4(2). But, by our choice of Sσ , we have
λ(σ)
(
φ′(τ )−1
)
φ′(τ )−1Sσ (v)= λ(σ)
(
φ′(τ )−1
)
φ′(τ )−1φ′(σ )−1v.
On the other hand,
Sστ (v)= φ′(στ)−1v.
Since φ′(τ )−1φ′(σ )−1 = φ′(στ)−1, it follows that
SσSτ (v)= λ(σ)
(
φ′(τ )−1
)
Sστ (v)
and, since v = 0, it follows that a 2-cocycle for b is f (σ, τ )= λ(σ)(φ′(τ )−1). But
the definition of λ (see Lemma 3.3) is such that
λ(σ)
(
φ′(τ )−1
)= (σ(γ )
γ
)−/(φ′(τ ))
.
This completes the proof of the theorem. ✷
Corollary 4.4. Assume the hypothesis of Theorem 4.3. Let m be the index of the
projection in G of the image of φ, so that m= [H : Jφ(Gal(F (θ)/F ))]. Let L0
be any finite Galois extension of F containing F(θ) and γm. Let
f0 : Gal(L0/F )×Gal(L0/F )→ L×0
be defined by
f0(σ, τ )=
(
σ(γ )
γ
)−/(φ′(τ ))
,
where φ′ : Gal(L0/F )→ NH(U) is φ preceded by restriction to Gal(F (θ)/F ).
Then, f0 is a 2-cocycle representing the element in H 2(Gal(L0/F ),L×0 )
corresponding to the element b ∈ Br(F ).
Proof. By Definition 4.2, we have that m | /(φ(σ )) for all σ ∈Gal(F (θ)/F ). Let
L be a finite Galois extension of F which containsL0 and γ . Let ρ : Gal(L/F)→
Gal(L0/F ) be the restriction map. Let
f : Gal(L/F)×Gal(L/F)→ L×
be defined by
f (σ, τ )=
(
σ(γ )
γ
)−/(φ′(ρ(τ )))
=
(
σ(γm)
γm
)−/(φ′(ρ(τ )))/m
.
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Then, by Theorem 4.3, f is a 2-cocycle representing in H 2(Gal(L/F),L×) the
class corresponding to the element b ∈ Br(F ). Notice that the value of f (σ, τ )
only depends on ρ(σ) and ρ(τ), and that f (σ, τ ) = f0(ρ(σ ), ρ(τ )). By [1,
Proposition 14.5], f and f0 define the same element of Br(F ), and the corollary
follows immediately. ✷
5. Some special cases
When γm can be chosen in such a way that F˜ (γ m)∩F(θ)= F (where F˜ (γ m)
is the normal closure of F(γm) over F ), then the element b of the previous
theorem can be computed more easily. In this section, we calculate explicitly
the Galois 2-cocycle that determines b in the situation of the previous section,
assuming, in addition, that F˜ (γ m) ∩F(θ)= F .
Theorem 5.1. Assume the hypothesis of Corollary 4.4. Assume in addition that
F˜ (γ m) ∩ F(θ) = F . Then, b is given by the class in H 2(Gal(F (θ)/F ),F (θ)×)
represented by the following 2-cocycle:
f0 : Gal
(
F(θ)/F
)×Gal(F(θ)/F )→ F(θ)×
f0(σ, τ )= γ /(φ(σ ))+/(φ(τ ))−/(φ(στ)).
Furthermore, f0 takes values in F×.
Proof. Since φ : Gal(F (θ)/F )→ NH(U) followed by projection to G=H/J
is a group homomorphism, for σ, τ ∈ Gal(F (θ)/F ), we have that |G| divides
/(φ(σ ))+ /(φ(τ ))− /(φ(στ)). By Lemma 3.3, this implies f0(σ, τ ) ∈ F×. Set
L= F˜ (γ m)(θ). Let
f : Gal(L/F)×Gal(L/F)→L×
be defined by
f (σ, τ )=
(
σ(γ )
γ
)−/(φ′(τ ))
,
where φ′ : Gal(L/F)→NH (U) is φ preceded by the restriction to Gal(F (θ)/F ).
It then follows from Corollary 4.4 that f is a 2-cocycle which represents the class
in H 2(Gal(L/F),L×) which corresponds to the element b ∈ Br(F ). The Brauer
class b is represented by the cross product C of L and Sσ for σ ∈ Gal(L/F),
where, for σ, τ ∈Gal(L/F), we have
Sσ Sτ = f (σ, τ )Sστ .
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Let Γ1 = Gal(L/F˜ (γ m)) and let Γ2 = Gal(L/F(θ)). Then Gal(L/F) is the
direct product of Γ1 and Γ2, and restriction provides an isomorphism from Γ1
to Gal(F (θ)/F ) and an isomorphism from Γ2 to Gal(F˜ (γ m)/F ).
Consider the subalgebra A of C generated by F˜ (γ m) and Sσ for σ ∈ Γ2.
Then, A is the cross product of F˜ (γ m) and Γ2, with respect to the corresponding
restriction of the 2-cocycle f . However, the restriction of any σ ∈ Γ2 to
Gal(F (θ)/F ) is trivial, and it follows that φ′(σ ) = 1. Hence, by our definition,
f (σ, τ ) = 1 whenever σ, τ ∈ Γ2. Hence A is isomorphic to the cross product of
F˜ (γ m) and Gal(F˜ (γ m)/F ) with trivial cocycle. It follows that A is a full matrix
algebra over F . Let B be the centralizer of A in C. Then, B is a central simple
algebra over F , and C 
 A⊗ B . In particular, B also represents b ∈ Br(F ), and
the dimension of B over F is |Γ1|2.
Clearly, F(θ) ⊆ B . For each σ ∈ Γ1, define S˜σ = γ /(φ′(σ ))Sσ . Then S˜σ
centralizes F˜ (γ m), and S˜σ acts by conjugation on F(θ) just as the restriction
of σ to Gal(F (θ)/F ). Furthermore, if τ ∈ Γ2, then, by the definition of f ,
Sτ S˜σ = τ
(
γ /(φ
′(σ )))(τ (γ )
γ
)−/(φ′(σ ))
Sστ ,
which implies that Sτ S˜σ = S˜σ Sτ . Hence, S˜σ ∈ B for each σ ∈ Γ1. If σ, τ ∈ Γ1,
then by the definition of f , we have f (σ, τ )= 1, since σ(γm)= γm. Therefore,
for σ, τ ∈ Γ1,
S˜σ S˜τ = γ /(φ′(σ ))+/(φ′(τ ))−/(φ′(στ))S˜στ .
Notice that under the identification of Γ1 and Gal(F (θ)/F ) any value φ′(σ )
equals the corresponding value φ(σ) (under the two meanings of σ ). It then
follows that B contains a subalgebra isomorphic to the cross product of F(θ)
and Gal(F (θ)/F ) with respect to the f0 of the theorem. By a dimension count,
this cross product must be all of B . Hence, B is isomorphic to this cross product.
Since the class of B in Br(F ) is b, this completes the proof of the theorem. ✷
Corollary 5.2. Assume the hypothesis of Theorem 4.3 and the notation of
Corollary 4.4. Assume, in addition, that γm ∈ F . Then, b is the trivial element
of Br(F ).
Proof. Let f0 be as in Theorem 5.1. By Theorem 5.1, f0 represents the class
in H 2(Gal(F (θ)/F ),F (θ)×) which corresponds to b. Let d : Gal(F (θ)/F )→
F(θ)× be the map defined by
d(σ)= γ /(φ(σ )).
Since m | /(φ(σ )), we get that d actually takes values in F×. Hence, f0 is
a coboundary and b is the trivial element of Br(F ), as desired. ✷
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Remark 5.3. Suppose L/F is a finite Galois cyclic extension, with Galois group
generated by some fixed element σ0 ∈ Gal(L/F). Then, it is well known that
H 2(Gal(L/F),L×) is isomorphic to F×/N where N is the group of norms from
L× to F×. If a class of H 2(Gal(L/F),L×) is represented by a normalized 2-
cocycle f whose values are all in F×, then the corresponding element of F×/N
is the class of∏
σ∈Gal(L/F )
f (σ,σ0).
Corollary 5.4. Assume the hypothesis of Theorem 5.1. Assume, furthermore, that
Gal(F (θ)/F ) is cyclic. For consistency, choose a generator σ0 ∈ Gal(F (θ)/F )
such that /(φ(σ0))=m. Let N be the group of norms from F(θ)× to F×. Then the
element of F×/N corresponding to b ∈ Br(F ) is represented by γm|Gal(F (θ)/F )|.
Proof. By Theorem 5.1 and Remark 5.3, the element
p =
∏
σ∈Gal(F (θ)/F )
f0(σ,σ0),
for the f0 defined in the theorem, represents the class of F×/N which
corresponds to b ∈ Br(F ). But then
p =
∏
σ∈Gal(F (θ)/F )
γ /(φ(σ ))+/(φ(σ0))−/(φ(σσ0)) = γ /(φ(σ0))|Gal(F (θ)/F )|.
Since we have chosen σ0 such that /(φ(σ0))=m, this completes the proof of the
corollary. ✷
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